Abstract. We estimate double exponential sums of the form
1
Let p be a prime and let F p be a finite field of p elements. For an integer m ≥ 1 we denote by Z m = {0, . . . , m − 1} the residue ring modulo m. We also identify F p with the set {0, . . . , p − 1}.
Finally we define e(z) = exp(2πi/p) and use log z for the natural logarithm of z. Throughout the paper the implied constants in symbols 'O', ' ' and ' ' may occasionally, where obvious, depend on the small positive parameter ε and are absolute otherwise (we recall that A B and B A are equivalent to A = O(B)). We fix an element ϑ ∈ F p of multiplicative order t, that is,
and consider double exponential sums
where a ∈ F p and X , Y ⊆ Z t . We also put S a ( X ) = S a ( X , X ). [7, 8, 9, 10] and [4] , respectively), and also of the sums u∈ U v∈ V e (uv) and
where a ∈ F p , U, V ⊆ F p . Such sums are well known in the literature and have proved to be useful in many applications; see [3, 5, 6, 11, 12] as well as Problem 14.a to Chapter 6 of [13] , and the references therein.
In the case X = Y = Z t it has been shown in [1, 2] that
where τ (t) is the number of integer divisors of t. In this paper we estimate sums S a ( X , Y) for arbitrary sets X and Y.
In the special case that both sets are of the same cardinality | X | = | Y| = N and t = p − 1, that is, ϑ is a primitive root of F p , our estimates are nontrivial for N ≥ p 15/16+δ with any fixed δ > 0. Further examples are given below. Our results rely on the following estimate for certain double exponential sums from [1] ; see the proof of Theorem 8 of that paper. Let λ ∈ F p be of multiplicative order T . For any a, b ∈ F * p we have the bound u∈ZT v∈ZT
We also recall the well known fact (see Problem 11.c to Chapter 2 of [13] ) that the number τ (m) of integer divisors of m ≥ 1 satisfies
Our main estimate is the following.
Theorem. For any sets
holds.
Proof. For a divisor d|t we denote by
where
e (aϑ xy ) .
Using the Cauchy inequality, we derive
By the Hölder inequality we have 
By (1) we obtain
Using the bound | Y(d)| ≤ | Y| for d ≤ t/| Y| and the bound | Y(d)| ≤ t/d for d > t/| Y|, we obtain that
for any divisor d|t. Applying the bound (2), we derive the desired result.
Of course the sets X and Y can be interchanged in the above estimate. Combining those two bounds we obtain the following symmetric estimate:
or, more simply, multiplying the two bounds and taking the square root we obtain the somewhat weaker result
In particular, if | X | = | Y| = N and t = p − 1, then the bound takes the form 
which is nontrivial for t ≥ p 3/4+δ with any fixed δ > 0. It would be interesting to extend these results to modular exponentiation modulo arbitrary integers m. In some cases, for example when m contains a large prime divisor, this can be done within the framework of this paper. Other moduli may require some new ideas.
Finally, it is clear that the arguments of the Theorem give the identical bound for the larger sum
but then the roles of X and Y cannot be interchanged and the symmetrized bounds do not apply.
